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a b s t r a c t
Grooming uniform all-to-all traffic in optical ring networks with grooming ratio C requires
the determination of graph decompositions of the complete graph into subgraphs each
having at most C edges. The drop cost of such a grooming is the total number of vertices
of nonzero degree in these subgraphs, and the grooming is optimal when the drop cost
is minimum. The minimum drop cost is determined for grooming ratio 9. Previously this
bound was shown to be met when n ≡ 0(mod 9) with two exceptions and eleven
additional possible exceptions for n, and also when n ≡ 1(mod 9) with one exception
and one possible exception for n. In this paper it is shown that the bound is met for all
n ≡ 2, 5, 8(mod 9)with four exceptions for n ∈ {8, 11, 14, 17} and one possible exception
for n = 20. Using this result, it is further shown that when n ≡ 3, 4, 6, 7(mod 9) and n is
sufficiently large, the bound is also met.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The following problem arises in aggregating traffic in optical networks (see [5,10], for example): Given a number of nodes
n and a grooming ratio C , partition the edges of Kn into subgraphs {Bℓ : 1 ≤ ℓ ≤ s}with |E(Bℓ)| ≤ C such that∑sℓ=1 |V (Bℓ)| is
as small as possible. Any partitionwith |E(Bℓ)| ≤ C for 1 ≤ ℓ ≤ s is a C-grooming of order n; it is optimalwhen∑sℓ=1 |V (Bℓ)|
isminimum. The determination of optimal C-groomings for all orders has been considered for C = 3 [2], C = 4 [5], C = 5 [4],
C = 6 [3], C = 7 [8], and C = 8 [9]; there remain undetermined cases when 6 ≤ C ≤ 8. We examine the next case here,
when C = 9. Our reason for studying it is not particularly for any potential application in optical networking; rather it is to
treat one of the difficult cases that arise when C + 1 is a triangular number, and hence there is little flexibility in the graphs
to choose. Indeed the methods that we employ require the construction of a variety of graph designs with holes.
Let G be a class of graphs. We consider decompositions both of complete graphs, and of complete graphs with specified
‘missing’ complete subgraphs, into copies of graphs in G. To make this precise, for a given number m of vertices, when
m = ∑si=1 giui, we write the partition of a set of size m into ui classes of size gi for 1 ≤ i ≤ s by the exponential notation
gu11 · · · guss . We call the partition sizes the group type. Now let T = gu11 · · · guss be a group type for orderm. Then we denote by
G(T ) the graph onm vertices obtained by first identifying a partition of type T of the vertices, calling the equivalence classes
of the partition the groups. Then G(T ) contains precisely those edges whose endpoints are in different groups. Using graph
theoretic nomenclature, G(T ) is a complete multipartite graph, with T representing the sizes of the classes in the partition.
A G-group divisible design (GDD for short) of type T is a partition of all edges of G(T ) into graphs, so that each graph of the
partition is isomorphic to a graph in the class G. We permit group sizes to equal 0, and also the number ui of groups of size
gi to be 0. We also permit that gi = gj for i ≠ j, so that 45 is the same as 4441, for example.
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AG-GDD of type 1n is aG-design or graph design for G of order n. See [7] for a summary of themain definitions and results.
When G = {Kk}, the notation of k-GDD is used; a k-GDD of type nk is a transversal design TD(k, n). We assume familiarity
with Wilson’s fundamental construction (see [1] and references therein).
Theorem 1.1 ([11]). Let A0 = {27, 36, 54, 72, 81, 90, 135, 144, 162, 216, 234}, A1 = {64}, and E = {9, 10, 18}. If n ≡ 0,
1(mod 9) and n ∉ A0 ∪ A1 ∪ E, then there exists a (K5 \ e)-design of order n. Furthermore, if n ∈ E, then no such design exists.
The main theorem proved in the paper follows:
Theorem 1.2. Let A5 = A8 = ∅, and
E = {6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22}
A0 = {27, 36, 54, 72, 81, 90, 135, 144, 162, 216, 234}
A1 = {64}
A2 = {20}.
There is an absolute constant n0 for which the cost of an optimal 9-grooming of order n is
 5
9
 n
2

when n ≡ 0, 1, 4, 6(mod 9),
or
 5
9
 n
2
 + 1 when n ≡ 2, 3, 5, 7, 8(mod 9) except when n ∈ E, and possibly when n ∈ i∈{0,1,2,5,8} Ai, or when
n ≡ 3, 4, 6, 7(mod 9) and n < n0.
2. The lower bound
Let ρmin(ℓ) be the lowest ratio of the number of vertices to the number of edges for a graph on at most ℓ edges. Then
ρmin(9) = 59 , the only graph with lowest ratio is K5 \ e. Moreover ρmin(8) = 58 , ρmin(7) = ρmin(6) = 46 ; ρmin(5) = 45 ;
ρmin(4) = 44 ; ρmin(3) = 33 ; ρmin(2) = 32 ; and ρmin(1) = 21 . Consider a grooming of Kn with ratio nine, and suppose that the
decomposition has ai subgraphs on i edges for 1 ≤ i ≤ 9. Then∑9i=1 iai =  n2 , and the cost of the decomposition is at least∑9
i=1 iρmin(i)ai. Permitting the {ai} to be fractional, the least cost arises when a9 =
 n
2

/9, yielding the lower bound 59
 n
2

.
The cost is integral, and hence
 5
9
 n
2

is a lower bound.
We improve upon this bound next. Assume that n ≢ 0, 1(mod 9). We consider the excess cost necessitated by the
presence of x edges that do not appear in 9-edge graphs. Then
x ≡
n
2

≡
1 when n ≡ 2, 5, 8(mod 9)
3 when n ≡ 3, 7(mod 9)
6 when n ≡ 4, 6(mod 9).
The x edges contribute an additional cost of at least
 5
8 − 59

x = 5x72 . Because

5
9
n
2

− 5
9
n
2

=

8
18
when n ≡ 2, 5, 8(mod 9)
6
18
when n ≡ 3, 7(mod 9)
12
18
when n ≡ 4, 6(mod 9)
to meet the bound
 5
9
 n
2

requires that 5x72 ≤ 1218 , i.e. 5x ≤ 48. Thus x ∈ {1, 3, 6}, and the cost for these edges must be
 5x
9

;
this is 1 when x = 1; 2 when x = 3; and 4 when x = 6. When x = 6, this can be realized when the edges form a K4. When
x ∈ {1, 3}, this cannot be realized, and hence the bound must be increased to  5x9 + 1.
Tomeet the higher boundwhen n ≡ 2, 3, 5, 7, 8(mod 9) requires that 5x72 ≤ 2618 , i.e. 5x ≤ 104. The possible values of x are
1, 3, 10, 12, and 19; the corresponding graphs must incur cost 2, 3, 7, 8, and 12, respectively. For x = 1, the only possibility is
K2, and for x = 3, the only possibility is K3. For x = 10, determine min{αρmin(α)+ βρmin(β) : α + β = 10, 2 ≤ α ≤ 8}; as
this minimum is 8, there is no solution meeting the bound with x = 10. For x = 12, determine min{αρmin(α)+ βρmin(β) :
α + β = 12, 4 ≤ α ≤ 8}. This minimum is 8, which occurs only when α = β = 6. Hence taking two K4s to handle the 12
edges meets the revised bound. When x = 19, determine min{αρmin(α) + βρmin(β) + γ ρmin(γ ) : α + β + γ = 19, 1 ≤
α, β, γ ≤ 8}. As this minimum is 13, no solution with x = 19 meets the revised bound.
We summarize this as follows:
Lemma 2.1. The cost of a 9-grooming is at least
 5
9
 n
2

when n ≡ 0, 1, 4, 6(mod 9), or  59  n2  + 1 when n ≡ 2, 3,
5, 7, 8(mod 9). This bound can be met only if:
1. n ≡ 0, 1(mod 9) : a9 =
 n
2

/9.
2. n ≡ 2, 5, 8(mod 9) : a9 =
 n
2
− 1 /9, a1 = 1.
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3. n ≡ 3, 7(mod 9) :

a9 =
 n
2

− 3

/9, a3 = 1,
a9 =
 n
2

− 12

/9, a6 = 2.
4. n ≡ 4, 6(mod 9) : a9 =
 n
2
− 6 /9, a6 = 1.
We use the representation [a, b, c, d, e] to denote a K5 \ e on the vertices {a, b, c, d, e} in which all edges except {d, e}
are present.
3. Nonexistence results
Lemma 3.1. There exists an optimal 9-grooming of order n if n ∈ {0, 1, 2, 3, 4, 5, 19}. There is no optimal 9-grooming for
6 ≤ n ≤ 18 or n = 22.
Proof. For n ∈ {0, 1, 19}, see Theorem 1.1. For n ∈ {2, 3, 4}, a single Kn provides a solution. For n = 5, a K5 \ e and a K2
provide a solution.
Consider any optimal 9-grooming. By completing each K5 \ e, K4, K3, and K2 to a K5 (during which process no new points
are added), we obtain a covering of pairs by quintuples. In particular, an optimal 9-grooming of Kn must lead to a covering
by
 n
2

/9

quintuples. A minimum covering by quintuples of order n has 3 quintuples when n ∈ {6, 7}; 4 when n = 8; 5
when n = 9; 6when n = 10; 7when n = 11; 9when n = 12; 10when n = 13; 12when n = 14; 13when n = 15; 15when
n = 16; 16 when n = 17; 18 when n = 18; and 27 when n = 22 [12]. Thus for n ∈ {6, 9, 10, 12, 13, 14, 15, 16, 18, 22}, no
optimal 9-grooming can exist.
For n = 7, K7 \K3 has degree sequence 6433, and there is no partition into graphs with degree sequence 4332; moreover,
removing two K4s from K7 leaves K3,3 which has nine edges but six vertices. For n = 8, K8 \ K2 has degree sequence 7662.
Two copies of K5 \ e cannot share three vertices, but there do not exist three 5-subsets of an 8-set that intersect in at most
two elements. For n = 11, K11 \ K2 has degree sequence 10992. Six copies of K5 \ e account for 18 contributions of 4 to these
degrees and 12 contributions of 3. But 10 can only bewritten as 4+3+3 and 9 only as 3+3+3, and hence 24 contributions
of 3 are required.
For n = 17, we require 15 copies of K5 \ e, and K17 \ K2 has degree sequence 1615152. Now 16 can be written as 44 or
4134, and 15 as 4331 or 35. There must be 30 contributions of 3, and hence three cases arise: two 4331 and seven 4134; one
4331, one 35, and six 4134; or two 35 and five 4134. For each case, let V0 contain the seven vertices of type 35 or 4134, and
let V1 contain the remaining ten vertices. Let αi denote the number of copies of K5 \ e, [a, b, c, d, e], having d, e ∈ V0 and
|{a, b, c, d, e} ∩ V0| = i. Now α2 + α3 + α4 + α5 ≥ 13, because at least 28 degree 3 vertices arise on V0. On the other hand,
these graphs account for at most seven vertices of degree 4 on V0, so α3+ 2α4+ 3α5 ≤ 7. There are 70 cross edges with one
end in V0 and the other in V1, so 6(α2 + α3)+ 4α4 ≤ 70. It is not possible to place two edge-disjoint copies of K5 \ e on V0,
so α5 ≤ 1. If α5 = 0, it follows that 2(α2 + α3) ≤ 18, and hence that α4 ≥ 4, a contradiction. So α5 = 1 and α4 ≤ 2. Then
2(α2 + α3) ≤ 22 and hence α2 + α3 = 11 and α4 = 1, or α2 + α3 = 10 and α4 = 2. Then because α2 + α3 + α4 + α5 = 13,
the only applicable case is the third. Moreover, the two vertices of degree 3 on V1 arise in different copies of K5 \ e. In each,
the ‘missing’ edge has one endpoint in V0 and one in V1. But then each exhausts at least three cross edges, which contradicts
the fact that 6(α2 + α3)+ 4α4 ≥ 68. Hence there is no solution for n = 17. 
4. (K5 \ e)-GDDs of type 3n
In order to treat the existence of optimal 9-groomings for orders of the form 3n+ 2, we develop an existence result for
(K5 \ e)-GDDs of type 3n. We make a preliminary observation to treat some cases.
Lemma 4.1. Suppose that m ∉ {2, 6} and that a (K5 \ e)-GDD of type gu11 · · · guss exists. Then a (K5 \ e)-GDD of type
(m · g1)u1 · · · (m · gs)us exists.
Proof. Suppose that the (K5 \e)-GDD of type gu11 · · · guss is (V ,G,B). We form the desired GDD on V×{0, . . . ,m−1}. When
m ∉ {2, 6}, a TD(4,m) exists on symbols {0, . . . ,m − 1}. For each block [a, b, c, d, e] ∈ B and each block (i, j, k, ℓ) of the
TD(4,m), form the block [ai, bj, ck, dℓ, eℓ]. 
Then by Theorem 1.1, one obtains:
Corollary 4.2. There exist (K5 \ e)-GDDs of type 3n for n ∈ {19, 28, 37, 45, 46, 55, 63, 82}.
Now we describe some constructions.
Lemma 4.3. If a 3-RGDD of type gu exists, then a (K5 \ e)-GDD of type gu(g(u− 1))1 exists.
Proof. For each parallel class, add two infinite points; on each block of the parallel class together with the two infinite
points, place a copy of K5 \ e. 
Next we give a number of direct constructions.
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Lemma 4.4. There exist (K5 \ e)-GDDs of type 3n for n ∈ {7, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 26, 27,
30, 32, 36, 38, 42, 44, 48, 54}.
Proof. Case n = 7: On Z21, develop [1, 2, 5, 7, 13].
Case n = 9: On Z9×{0, 1, 2}, develop [01, 40, 72, 00, 11], [10, 20, 31, 80, 01], [02, 11, 12, 51, 81], and [02, 32, 72, 80, 70]. The
groups are developed from {00, 31, 62}.
Case n = 10: On (Z9∪{∞})×{0, 1, 2}, develop [31, 41, 70, 72, 71] and [01, 10, 20, 82, 70]. Then develop [01, 22, 62, 02,∞i],
[12, 60, 80, 02,∞i], and [10, 21, 41, 02,∞i], taking imodulo 3. The groups are developed from {01, 12, 50}.
Case n = 11: On Z11 × {0, 1, 2}, develop [01, 11, 12, 110, 42], [01, 22, 62, 82, 81], [10, 31, 51, 101, 60], [02, 40, 102, 110, 20],
and [02, 11, 60, 70, 90].
Case n = 12: On (Z11∪{∞})×{0, 1, 2}, develop [02, 61, 91, 101, 62], [01, 10, 90, 91, 70], [12, 32, 60, 100, 02], [12, 20, 81, 30,
∞0], [01, 100, 102, 62,∞1], and [01, 20, 32, 51,∞2].
Case n = 13: On Z39, develop [1, 2, 4, 11, 19] and [1, 9, 20, 36, 15].
Case n = 14: On (Z13 ∪ {∞}) × {0, 1, 2}, develop [70, 90, 120, 130, 21], [21, 42, 91, 111, 40], [32, 42, 72, 100, 20], [22, 72,
81, 110, 02], [30, 51, 62, 101,∞0], [21, 22, 30, 121,∞1], and [01, 102, 120, 121,∞2].
Case n = 15: On Z15 × {0, 1, 2}, develop [02, 32, 72, 90, 110], [02, 12, 91, 111, 140], [10, 42, 51, 91, 61], [01, 32, 40, 122, 31],
[02, 71, 131, 150, 100], [02, 50, 61, 141, 22], and [10, 50, 70, 71, 80].
Case n = 16: On (Z15∪{∞})×{0, 1, 2}, develop [11, 130, 142, 150, 41], [20, 50, 60, 142, 82], [20, 41, 111, 131, 02], [60, 101,
111, 120, 12], [12, 71, 82, 142, 120], [101, 122, 132, 92, α], [50, 51, 130, 52, α], and [01, 30, 82, 111, α], selecting α =
∞i mod 3 when i is added to the block.
Case n = 17:OnZ17×{0, 1, 2}, develop [02, 42, 50, 52, 41], [01, 42, 80, 120, 130], [10, 40, 100, 112, 30], [02, 32, 112, 140, 51],
[01, 72, 81, 141, 52], [01, 12, 140, 151, 82], [01, 71, 92, 110, 70], and [01, 11, 51, 100, 30].
Case n = 18: On Z51 ∪ {∞0,∞1,∞2}, develop [2, 6, 9, 18, 20], [2, 17, 25, 47, 15], and [1, 2, 21, 26, α], selecting α =
∞i mod 3 when i is added to the block.
Case n = 20: On (Z19 ∪ {∞}) × {0, 1, 2}, develop [51, 80, 161, 170, 132], [51, 91, 110, 111, 32], [10, 52, 92, 140, 02],
[11, 81, 111, 112, 60], [11, 22, 32, 52, 102], [52, 70, 80, 110, 150], [10, 12, 21, 72, 180], [70, 102, 171, 31,∞0], [22, 61, 140,
71,∞1], and [01, 100, 112, 150,∞2].
Case n = 21: On Z21 × {0, 1, 2}, develop [02, 31, 42, 192, 41], [10, 62, 90, 121, 152], [01, 42, 120, 171, 202], [01, 31, 51, 142,
102], [01, 22, 32, 210, 111], [02, 102, 182, 200, 10], [01, 91, 130, 140, 80], [01, 61, 70, 90, 170], [10, 40, 160, 162, 112], and
[01, 131, 150, 190, 192].
Case n = 22: On Z15 × {0, 1, 2}, develop [11, 41, 110, 132, 82] and [01, 40, 60, 81, 52]. Then form triples {12, 51, 132},
{20, 92, 102}, {10, 50, 130}, {21, 22, 111}, {41, 81, 90}, which are different modulo 5 and therefore form five parallel classes;
{02, 11, 141}, {01, 30, 132}, and {40, 50, 82}, which are different modulo 3 and therefore form three parallel classes; and
{61, 80, 82} forming one parallel class. Extend these 9 parallel classes using 18 infinite points {∞3, . . . ,∞20}. Then form
[22, 62, 120, 82,∞i], [20, 21, 31, 110,∞i], and [10, 41, 72, 142,∞i]; develop these modulo 15 computing i modulo 3. The
result is a (K5 \ e)-GDD of type 315211. Fill the hole.
Case n = 23:OnZ23×{0, 1, 2}, develop [01, 122, 141, 181, 10], [10, 92, 101, 121, 30], [10, 60, 130, 162, 230], [10, 40, 62, 212,
172], [10, 61, 90, 91, 102], [01, 71, 90, 92, 82], [10, 150, 191, 192, 21], [02, 42, 72, 132, 201], [01, 162, 182, 200, 40], [01, 81,
142, 192, 132], and [01, 101, 170, 210, 111].
Case n = 24: On Z69 ∪ {∞0,∞1,∞2}, develop [1, 21, 36, 52, 60], [1, 6, 15, 27, 28], [1, 4, 8, 33, 2], [1, 9, 20, 37,∞i],
developing the subscript imodulo 3.
Case n = 26: OnZ45∪{∞0, . . . ,∞32}, form triples {16, 19, 24}, {3, 20, 36}, {13, 15, 22}, {2, 8, 27}, and {10, 14, 41}; adjoin
∞i and∞15+i to each to form K5 \ e, and develop imodulo 15. Then form [1, 2, 12, 25,∞30+i], developing imodulo 3. This
forms a (K5 \ e)-GDD of type 315331. Fill the hole.
Case n = 27: On Z60 ∪ {∞0, . . . ,∞20} form [0, 30,∞i, 1, 31], taking i modulo 2 (this orbit generates only 30 graphs).
Then use {1, 11, 27} to form three parallel classes and add six infinite points∞2, . . . ,∞7. Then form [5, 30,∞8+i, 48, 11],
developing i modulo 4. Then form [25, 30, 32, 53,∞12+i], developing i modulo 3. Then form [1, 5, 16, 13,∞15+i] and
[12, 26, 39, 48,∞15+i], developing imodulo 6. The result is a (K5 \ e)-GDD of type 320211. Fill the hole.
Case n = 30: On Z87 ∪ {∞0,∞1,∞2}, develop [30, 49, 69, 84, 80], [1, 6, 15, 27, 28], [1, 2, 4, 8, 44], [33, 56, 74, 84, 3],
[1, 9, 26, 64,∞i], developing the subscript imodulo 3.
Case n = 32: On Z63 ∪ {∞0, . . . ,∞32}, form [1, 3, 9, 18, 48]. Then form triples {15, 27, 34}, {29, 55, 58}, and {3, 23, 53};
the elements differ mod 9 and hence complete using 18 infinite points. For the triple {8, 30, 61}, the elements differ mod
3 and hence complete using 6 infinite points. Use {5, 19, 30} in the same way to add six further infinite points. Then add
[1, 2, 6, 29,∞30+i], developing imodulo 3. This forms a (K5 \ e)-GDD of type 321331. Fill the hole.
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Case n = 36: On Z105 ∪ {∞0,∞1,∞2}, develop [14, 34, 39, 98, 58], [25, 36, 65, 88, 64], [1, 16, 32, 49, 50], [38, 46, 93,
100, 1], [56, 62, 92, 94, 65], and [1, 5, 15, 27,∞i], developing imodulo 3.
Case n = 38: On Z63 ∪ {∞0, . . . ,∞50}, form triples {8, 14, 33}, {28, 30, 39}, {32, 40, 58}, {6, 46, 59}, {13, 20, 44}, {10,
22, 26}, and {3, 36, 63}. Add ∞i and ∞21+i to each to form a K5 \ e, and develop modulo 63, treating i modulo 21 (to
add 42 infinite points). Triple {9, 50, 55} forms three parallel classes, for which six infinite points are added. Finally form
[1, 2, 30, 50,∞48+i], treating imodulo 3. This forms a (K5 \ e)-GDD of type 321511. Fill the hole.
Case n = 42: On Z123 ∪ {∞0,∞1,∞2}, develop [13, 22, 78, 88, 28], [22, 50, 58, 62, 5], [27, 49, 96, 117, 54], [1, 20, 40,
63, 64], [5, 6, 99, 115, 97], [28, 39, 74, 77, 2], and [1, 8, 60, 26,∞i], developing imodulo 3.
Case n = 44: On Z81 ∪ {∞0, . . . ,∞50}, form [6, 15, 27, 63, 45]. Then triples {19, 26, 48}, {23, 58, 78}, and {36, 47, 70} are
distinct modulo 9 and account for 18 infinite points. Triples {64, 77, 78}, {26, 31, 34}, and {3, 9, 47} are distinct modulo 9
and account for 18 further infinite points. Triples {1, 50, 78} and {2, 64, 81} each generate three parallel classes and account
for six infinite points each. Finally develop [1, 11, 42, 26,∞48+i], treating i modulo 3. This forms a (K5 \ e)-GDD of type
327511. Fill the hole.
Case n = 48: On Z144 form [1, 44, 66, 83, 3], [1, 87, 100, 114, 26], [1, 7, 30, 56, 60], [1, 98, 107, 140, 144], [1, 16, 91, 126,
142], and [1, 22, 88, 95, 11] to produce a (K5 \ e)-GDD of type 364. Fill the holes.
Case n = 54: On Z159 ∪ {∞0,∞1,∞2}, develop [16, 52, 60, 133, 114], [15, 49, 73, 145, 4], [6, 29, 43, 138, 113], [51, 61,
144, 153, 73], [23, 108, 127, 143, 157], [1, 2, 4, 8, 42], [68, 83, 96, 116, 114], [9, 52, 112, 117, 35], [1, 33, 80, 101,∞i],
developing imodulo 3. 
Theorem 4.5 ([11]).
1. There exists a (K5 \ e)-GDD of type 18n for all n ≥ 4.
2. There exists a (K5 \ e)-GDD of type 184271.
3. There exists a (K5 \ e)-GDD of type 18n451 for n ∈ {4, 5, 6, 7, 8, 9}.
4. There exists a (K5 \ e)-GDD of type 9n for all n ≥ 5.
Corollary 4.6. There exist (K5 \ e)-GDDs of type 36s+1 for all s ≥ 4; type 36s+16 for s ∈ {4, 5, 6, 7, 8, 9}; and type 334.
Proof. Add three infinite points and use (K5 \ e)-GDDs of types 37, 310, and 316 to fill holes of sizes 18, 27, and 45. 
Lemma 4.7. Let m ∉ {2, 6} be a nonnegative integer. If there exists a (K5\e)-GDD of type 3m(3s)1 then there exists a (K5\e)-GDD
of type 33m(6m+ 3s)1. If there also exists a (K5 \ e)-GDD of type 32m+s then there exists a (K5 \ e)-GDD of type 35m+s.
Proof. Use Lemma 4.3 with a 3-RGDD of type 33 to form a (K5 \ e)-GDD of type 3361. Form a TD(4,m) and give weight
3 in three groups and weight 6 in the fourth. For each of the first three groups together with the infinite points, place the
(K5 \ e)-GDD of type 3m(3s)1, with the large hole on the infinite points. This forms a (K5 \ e)-GDD of type 33m(6m + 3s)1.
Filling the hole completes the proof. 
Corollary 4.8. There exists a (K5 \ e)-GDD of type 3n for n ∈ {29, 35, 41}.
Proof. Apply Lemma 4.3 to produce (K5 \ e)-GDDs of types 3581 and 37121. Apply Lemma 4.7 with m = 5 and s = 4 to
get a (K5 \ e)-GDD of type 315421, and with m = 7 and s ∈ {0, 6} to get (K5 \ e)-GDDs of types 321421 and 321601. Fill the
holes. 
Theorem 4.9. Let n ≥ 21 and n ∉ {22, 23, 24, 27, 28, 29, 32, 33, 34}. Then there exist (K5 \ e)-GDDs of types 33n−3, 33n−2,
and 33n+2.
Proof. Under the given conditions on n, a {5, 6, 7, 8, 9}-PBD of order n exists [1]. Delete any point to form a {5, 6, 7, 8, 9}-
GDD on n − 1 points with group sizes in {4, 5, 6, 7, 8}. Form a second {5, 6, 7, 8, 9}-GDD of type 1n−kk1 for some
k ∈ {5, 6, 7, 8, 9}, by removing a single block of size k to form a group, and taking all other groups to have size 1. By
Theorem 4.5(4), there exists a (K5 \ e)-GDD of type 9n for n ∈ N9 = {5, 6, 7, 8, 9}. Give weight 9 to the first {5, 6, 7, 8, 9}-
GDD using these (K5 \ e)-GDDs to produce a (K5 \ e)-GDD on 9n− 9 points all of whose group sizes are 36, 45, 54, 63, or 72.
Fill groups using (K5 \ e)-GDDs of types 312, 315, 318, 321, 324 (all from Lemma 4.4) to produce a (K5 \ e)-GDD of type 33n−3.
Instead add three infinite points and use (K5 \ e)-GDDs of types 313, 316, 319, 322, and 325 (from Lemma 4.4, Corollaries 4.2
and 4.6) to produce a (K5 \ e)-GDD of type 33n−2. For the final statement, inflate the second {5, 6, 7, 8, 9}-GDD using weight
9. Add six infinite points. Fill each hole of size 9 together with the six infinite points using a (K5 \ e)-GDD of type 3361. Then
place a (K5 \ e)-GDD of type 317, 320, 323, 326, or 329 (from Lemma 4.4 and Corollary 4.8) on the infinite points and the 9k
points of the larger group. 
Proposition 4.10. There exists a (K5 \ e)-GDD of type 33s+1 for all s ≥ 2.
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Proof. The solutions for s ∈ {2, 3, 4, 5, 7} are from Lemma 4.4; for s ∈ {6, 9, 12, 15, 18, 27} from Corollary 4.2; for s ≥ 8
and s even, and for s ∈ {11, 13, 17, 19, 21, 23} from Corollary 4.6; and for s ∈ {25, 29} and s ≥ 34 from Theorem 4.9. This
leaves only s ∈ {31, 33}. Use (K5 \ e)-GDDs of types 9501, 9591, and 94181 (all from [11]) to give weights 9 in five groups and
0, 9, or 18 in one group of a TD(6, 5), yielding a (K5 \ e)-GDD of type 455(9y)1 with 0 ≤ y ≤ 10. Add three infinite points to
handle n ∈ {94, 100} (taking y = 6, 8). 
Lemma 4.11. There exist (K5 \ e)-GDDs of types 39s1 for s ∈ {6, 15, 24}.
Proof. For s = 6, on Z27 form [1, 2, 4, 14, 23] and the K3{1, 5, 12}. Because the points of the K3 differ modulo
3, its development forms three parallel classes. Add two infinite points to each. For s = 15, on Z9 × {0, 1, 2}
form [42, 51, 70, 61,∞0], [22, 30, 71, 70,∞1], and [01, 02, 80, 52,∞2]. Then form three K3s {60, 62, 80}, {10, 41, 61}, and
{21, 42, 52}; as the points differ modulo 3, their development forms three parallel classes to add six further infinite points.
Similarly form three K3s {20, 30, 52}, {01, 41, 70}, and {02, 72, 81} to add six further infinite points. There is a (K5 \ e)-GDD
of type 39241 from Lemma 4.3. 
Proposition 4.12. There exists a (K5 \ e)-GDD of type 33s+2 for all s ≥ 3.
Proof. Lemma 4.4 handles s ∈ {3, 4, 5, 6, 7, 8, 10, 12, 14}. Corollary 4.8 handles s ∈ {9, 11, 13}.
By Theorem 4.5(4), there is a (K5 \ e)-GDD of type 9t for all t ≥ 5, and hence one of type 27t by Lemma 4.1. When s ≥ 15,
write s = 3t + r for r ∈ {0, 1, 2}. Form a (K5 \ e)-GDD of type 27t , and fill holes with (K5 \ e)-GDDs of types 39(9r + 6)1
(from Lemma 4.11) and 311+3r to get 33(3t+r)+2. 
Lemma 4.13. There exist (K5 \ e)-GDDs of types 6401 and 64181.
Proof. Take a 3-RGDD of type 64 to produce a (K5 \ e)-GDD of type 64181. A (K5 \ e)-GDD of type 64 is over Z24 with starter
block [0, 3, 9, 2, 14]. 
Proposition 4.14. There exists a (K5 \ e)-GDD of type 33s for all s ≥ 3.
Proof. Lemma 4.4 handles s ∈ {3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 16, 18}. Apply Lemma 4.3 to a 3-RGDD of type 317 to produce
a (K5 \ e)-GDD of type 317481, handling s = 11. Corollary 4.2 handles s ∈ {15, 21}. Next we use Lemma 4.13 to give weight
6 to four groups of a TD(5,m) and weights 0 or 18 in the last group to produce a (K5 \ e)-GDD of type (6m)4(18y)1 for
0 ≤ y ≤ m. Apply withm = 4 to treat s ∈ {13, 17};m = 7 to treat s ∈ {19, 23, 27, 31, 33}; andm = 9 to treat s ∈ {28, 32}.
For s = 22, use (K5 \ e)-GDDs of types 9491 and 94181 with a TD(5, 4) to produce a (K5 \ e)-GDD of type 364541, and fill the
holes. For s = 26, use (K5 \ e)-GDDs of types 9491 and 94181 with a TD(5, 5) to produce a (K5 \ e)-GDD of type 454541, and
fill the holes. Finally, Theorem 4.9 handles s ∈ {20, 24, 25, 29, 30} and all s ≥ 34. 
Theorem 4.15. There exists a (K5 \ e)-GDD of type 3n for all n ≥ 7 and n ≠ 8.
Proof. Combining Propositions 4.10, 4.12 and 4.14, the conclusion then follows. 
Theorem 4.16. There is an optimal 9-grooming of order 3n+ 2 when n ≤ 1 or n ≥ 7. There is no optimal 9-grooming of order
3n+ 2 when n ∈ {2, 3, 4, 5}.
Proof. The nonexistence results are from Lemma 4.4. Because a single K5 \ e is itself a (K5 \ e)-GDD of type 1321, whenever a
(K5 \ e)-GDD of type 3n exists, an optimal 9-grooming of order 3n+ 2 also exists. Theorem 4.15 completes the proof except
when n = 8. For this last case, on Z24 ∪ {∞0,∞1} form [0, 3, 9, 17, 5] and [α, 0, 12, 1, 13]. Develop the first block modulo
24, and the second only by adding i for 0 ≤ i ≤ 11, computing modulo 24. Take α = ∞0 when i ≡ 0(mod 2) and α = ∞1
when i ≡ 1(mod 2). 
5. Existence when n ≡ 4, 6(mod 9)
For a (K5 \ e)-GDD of type 1n(9s + 4)1 to exist, n ≡ 0, 2(mod 9). For a (K5 \ e)-GDD of type 1n(9s + 6)1 to exist,
n ≡ 0, 7(mod 9). The next lemma is a simple weighting construction, so we omit the proof.
Lemma 5.1. Let N3 = {7} ∪ {n : n ≥ 9}. Suppose that there is an N3-GDD of type gu11 · · · guss h1, with gi ≡ 0(mod 3) for
1 ≤ i ≤ s.
1. If there exist optimal solutions of order 3gi for 1 ≤ i ≤ s and for 3h, then there exists an optimal solution for 3

h+∑si=1 uigi.
2. If there exist optimal solutions of order 3gi + 1 for 1 ≤ i ≤ s and for 3h + 1, then there exists an optimal solution for
3

h+∑si=1 uigi+ 1.
The optimal solution with n = 4 provides a solution when n ≡ 4(mod 9), but we need ingredients in the n ≡ 6(mod 9)
class to apply Lemma 5.1.
Lemma 5.2. An optimal 9-grooming of order n exists for n ∈ {60, 96}.
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Proof. On (Z28×{0, 1})∪ {∞0,∞1,∞2,∞3}, form [10, 81, 100, 201, 70], [11, 40, 140, 210, 60], [01, 70, 80, 101, 120], [51,
111, 150, 270, 00], [151, 191, 241, 261, 161], and [∞i, 01, 131, 190, 240], treating imodulo 2 in the development. Then form
[00, 140,∞2, 01, 141] and [01, 141,∞3, 10, 150]; both make short orbits of length 14. This forms a (K5 \ e)-GDD of type
15641, treating n = 60.
On (Z46×{0, 1})∪{∞0,∞1,∞2,∞3}, form [11, 50, 380, 420, 451], [40, 161, 320, 350, 30], [30, 91, 300, 381, 181], [120,
331, 361, 401, 51], [01, 20, 130, 270, 161], [80, 100, 150, 261, 51], [01, 121, 200, 260, 221], [30, 230, 390, 401, 150], [71, 131,
261, 271, 181], and [∞i, 01, 211, 360, 170], treating i modulo 2 in the development. Then form [00, 230,∞2, 01, 231] and
[01, 231,∞3, 10, 240]; both make short orbits of length 23. This forms a (K5 \ e)-GDD of type 19241, treating n = 96. 
Lemma 5.3. There exists an absolute constant n0 such that when n ≥ n0 and n ≡ 4, 6(mod 9), there exists an optimal 9-
grooming of order n.
Proof. We treat the case when n ≡ 6(mod 9). There exists a constant ν0 for which a TD(11, 3k) exists for all k ≥ 3ν0 [6].
Set n0 = max(90ν0 + 60, 409). Now let n ≥ n0 and n ≡ 6(mod 9). Writem =
 n−60
90

; then a TD(11, 3m) exists. Truncate
one group to 20 points, and truncate another to 3s = n−603 − 27m ≤ 3m points. Now 3s ≥ 2433 = 81 when n ≥ 409, so
apply Lemma 5.1(i) to the {9, 10, 11}-GDD of type (3m)9(3s)1201.
The case when n ≡ 4(mod 9) is similar, using the solution for n = 4 in place of that for n = 60. 
Naturally it would be possible to determine an explicit list of possible exceptions, but at the present time this does not
seem to beworthwhile. Howeverwe remark that such an explicit determination, if undertaken, could employ further known
results, for example: There exists a (K5 \ e)-GDD of type 120s+16(8s+ 6)1 for each s ≥ 0, s ∉ {0, 5, 14} [11, Lemma 3.10].
6. Existence when n ≡ 3, 7(mod 9)
For a (K5 \ e)-GDD of type 1n(9s + 3)1 to exist, n ≡ 0, 4(mod 9). For a (K5 \ e)-GDD of type 1n(9s + 7)1 to exist,
n ≡ 0, 5(mod 9). Again we employ a simple weighting construction:
Lemma 6.1. Suppose that there is an N3-GDD of type g
u1
1 · · · guss h11h12 with gi ≡ 0(mod 3) for 1 ≤ i ≤ s.
1. If h1 ≡ h2 ≡ 1(mod 3), and there exist optimal solutions of order 3gi + 1 for 1 ≤ i ≤ s and for 3h1 + 1 and 3h2 + 1, then
there exists an optimal solution for 3(h1 + h2 +∑si=1 uigi)+ 1.
2. If h1 ≡ h2 ≡ 2(mod 3), and there exist optimal solutions of order 3gi for 1 ≤ i ≤ s and for 3h1 and 3h2, then there exists an
optimal solution for 3(h1 + h2 +∑si=1 uigi).
In this case, we do not explicitly construct any small examples. Rather we employ the same small 9-groomings as in the
cases when n ≡ 4, 6(mod 9). The primary difference here is that we use two such ingredients rather than one.
Lemma 6.2. There exists an absolute constant n0 such that when n ≥ n0 and n ≡ 3, 7(mod 9), there exists an optimal
9-grooming of order n.
Proof. We treat the case when n ≡ 3(mod 9). There exists a constant ν0 for which a TD(12, 3k) exists for all k ≥ 3ν0 [6]. Set
n0 = max(90ν0 + 120, 1011). Now let n ≥ n0 and n ≡ 3(mod 9). Write m =
 n−120
90

; then a TD(12, 3m) exists. Truncate
two groups to 20 points each, and truncate another to 3s = n−1203 −27m ≤ 3m points. Now 3s ≥ 2433 = 81 when n ≥ 1011,
so apply Lemma 5.1(i) to the {9, 10, 11, 12}-GDD of type (3m)9(3s)1202.
The case when n ≡ 7(mod 9) is similar, using the solution for n = 4 in place of that for n = 60. 
Many other applications of Lemmas 5.1 and 6.1 are possible, and this would certainly provide explicit bounds in
Lemmas 5.3 and 6.2much better than those established here. However, it appears likely that a substantially larger collection
of ‘small’ 9-groomings would be needed to make such an exercise productive.
7. Conclusions
The main theorem, Theorem 1.2, follows from Theorem 1.1 when n ≡ 0, 1(mod 9), Theorem 4.16 when n ≡ 2,
5, 8(mod 9), Lemma 6.2 when n ≡ 3, 7(mod 9), and Lemma 5.3 when n ≡ 4, 6(mod 9). It is somewhat of a surprise
that the result is essentially complete when n ≡ 2, 5, 8(mod 9), but this is a consequence of both the large number of small
K5\e-GDDs constructed explicitly, and an effective collection of weighting constructions. The class n ≡ 7(mod 9) is the only
one for which no example has been constructed directly, and hence the smallest one constructed here is from Lemma 6.1.
For the cases in which an explicit list of possible exceptions has not been provided, we expect that if a sufficient number of
small examples can be found, then the recursive techniques can be generalized.
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